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Body wave (acoustic) velocities

. Longitudinal waves (P-waves)
(compressive waves)

. [ransverse waves (S-waves)
(shear waves)
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Making sense of mantle heterogeneities
(Seismic Tomography)

S-model
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Thermochemical convection
(need p, K, a, Cp u, k)

- - ')
—~ - = - v = e~
el - L e e ,«" piad
- — L P e
- >
B
- - - - » .
’ K . ,’ 3
rF o T «
: Y, [ P 3
) . ;
3 l‘ o

RERR0 o e
- b( =¥

WL - - Rt sty

CMB

M D en

(McNamara et al., 2014)



The Ultimate Vision

P,Q, va
WK
M'lgj o Geodynamic
Physics
Fluid flow
Mineral and modeling
melt properties '
P, vy vpv
R s/prees | Seismology
Consistent w/ 3D imaging of
experimental data Earth’s interior




The Quasi-Harmonic Approximation (QHA)

* Asimple approximate treatment of thermodynamical behavior

* |t treats vibrations as if they did not interact

e System is equivalent to a collection of independent harmonic oscillators

* These establish the quantum mechanical energy levels of the system

* The levels are used to compute the partition function, Z, and the Helmoltz

free energy, F(T,V). From the latter, all thermodynamic functions can be
derived.



Helmholtz Free Energy:

I = internal energy
F=-k,I'InZ S = entropy
/. is the partition function

/., = sum of Boltzman factors of all energy levels

&

/ = Z e kpT g, = eigenvalues of energy operator
I

For a single oscillator with freq. w;, the energy levels are:
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Helmholtz Free Energy:

Therefore:
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For a lattice of normal modes of vibration with frequencies w;:

F = ZE is the vibrational free energy



Helmholtz Free Energy of all oscillators:

| itz
F=U+ Z%ﬁ(vf +kBTZIn[l—e ;"BTJ

As a solid compresses, deforms, etc...,U and w,'s change

From F(T Ve, e, ...) all the thermodynamical behavior
can be deduced.

S:_Fﬁq P:—(@E]
orT ), oV J;

EFE=F+TS H=FE+PV G=F+PV



- This (or a more complete) quantum treatment is required at “low T”

- The QHA is not appropriate at “high T” because of phonon-phonon
interactions

- This (or a more complete) quantum treatment is required at “low T”
Tlow < eDebye< Thigh < Tmelt

- Phonon frequencies must be accurate (ab initio)

- Phonon sampling must be thorough



Integration (summation) over the Brillouin Zone
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o o ° ° W, is the “multiplicity” of a point
determined by symmetry

In general:
1) Compute and diagonalize the dynamical matrix at few t:}’s (CPU intensive procedure)
2) Extract “force constants”

3) Recompute dynamical matrices at several é points using those force constants

4) Summation over tetrahedral volume elements is very accurate for DoSs




(Mg,,Fe1)SiO;

(Mg,,Fe1.4))0

CaSiO;




Phonon Dispersion in MgQO

(Karki, Wentzcovitch, de Gironcoli and Baroni, PRB 61, 8793, 2000)
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/ero-Point Motion Effect:
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Phonon Dispersion in I\/IgSiC)§ perovskite:
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Comparison with Experimental Data

LDA
0 Vv Kt dKy/dP | dK%dP? d Kr/dT o
(griem®)| (A% | (GPa) (GPa™) GpaK") | 10%k”
3.580 | 18.80 | 159 4.30 -0.030 -0.014 3.12 Calc. | pc
3.601 | 18.69 | 160 415 ~ -0.0145 3.13 Exp. | pc
4210 | 164.1 | 247 4.8 -0.016 -0.031 2.1 Calc. | Pv
246 37 ~ -0.02 1.7
4247 1623 | | | | | Exp. | Pv
266 4.0 -0.07 2.2
(256)

Exp.: [Ross & Hazen, 1989; Mao et al., 1991; Wang et al., 1994; Funamori et al., 1996;
Chopelas, 1996, Gillet et al., 2000; Fiquet et al., 2000]
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Thermal Expansivity and the QHA

a provides an a posteriori criterion for the validity of the QHA
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Always check if possible:
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Always check if possible:

Murakami at al, Science 2004
Tsuchiya et al, EPSL 2004
Ogonav and Ono, 2004



High-PT phase diagram
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Dissociation phase boundary: MgSiO;—> SiO, + MgO?

NaCl-type CsCl-type

v v
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I | | I g
048  0.82 a 1.9 6.9 4 80

Present calc. 5.3 Mbar 80 Mbar

(Umemoto, Wentzcovitch, Allen, Science 2006)
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Clapeyron slope: -1.8*104 Mbar/K at 5,000K
-3.3*10"% Mbar/K at 10,000K
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Software for calculation of relevant properties %

Systematic DFT study of structural properties of minerals with
express:

Q. Zhang, J. Zhuang, H. Gu, and R. Wentzcovitch,

Material Formula Space Group
Albite NaAlSi;Oq P-1
Coesite Sio, C2/c
Diopside CaMgSi,O¢ C2/c
Bridgmanite MgSiO; Pbnm
Stishovite Sio, P4,/mnm
Akimotoite MgSiO; R-3
Lime CaO Fm-3m

Corundum Al,O, R-3c




2,9
Software for calculation of relevant properties (:i?

Systematic DFT study of structural properties of minerals with
express

Q. Zhang, J. Zhuang, H. Gu, and R. Wentzcovitch, (in prep.)
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Software for calculation of relevant properties %%

Systematic DFT study of structural properties of minerals with

express:
Q. Zhang, J. Zhuang, H. Gu, and R. Wentzcovitch, (in prep.)
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2,4
Software for calculation of relevant properties Ei?

Systematic DFT study of structural properties of minerals with
express:

Q. Zhang, J. Zhuang, H. Gu, and R. Wentzcovitch, (in prep.)
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How to distinguish DFT vs. anharmonic effects?

V (A%

80

55 |

50

1100 K -

— 300K ]

< -- - 300 K Sperale's Eas (2001

1100 K Speziale's EoS(20017) ]

1100 K Fei (1998) 7]

A 300 K Fei (1999) ]
O 200K Spezale el af (2001)

Shock-compression

- - - Li's EoS (2006)
%%h_ :
TR LDA
LH-DAC ' .'*'-'".“-:-._.,___ﬂ__ AT.5 L
1 1 1 . 1 1 - 47 .0
25 50 75 100 125 150 170
P (GPa)

175 180 185 1E|'If|l
P (GPa)

Wu et al., J. Geophys. Res. 113, B06204 (2008)

195

200 205 210



How to distinguish DFT vs. anharmonic effects?

(DFT “error” removed (Pc = 80 GPa))
Wwr—————————————————1——— 30 ——— T
; 1100 K ] ' Solid line: this study
— 300K - - Experiment:
- - - - 300 K Speziale's EoS (2001) ] i ® Fei [1999]
1100 K Speziale's EoS(2001) o Utsumi et al. [1998]
X ;01{?i " Fl-‘_"1 *5.3199999} ': *  Dewale et al. [2000]
el (1939 o] + Speziale ef al. [2001]
— 0 300K Speziale el af (2001) 1 —
%‘1:, - - - Li's EoS (2006) ﬂ{ T
- %h?‘a-.. —: ~ 3[][]}{“*“ 1100K
B '\11_ - L =
; e LDA | 1 65 . ]
55 | T R . - s, -
- LH-DAC TR ] AV = AVyexp(—P/P.) ]
5.[] i - '_‘—....__' i :F'_]:-u.
r . I . I . I . I . I 7 B0 L I L L L 1 L 1 .
da 0 25 50 75 100 125 150 d 0 10 20 30 40 al
P (GPa) P (G F’El}

Wu et al., J. Geophys. Res. 113, B06204 (2008)



How to distinguish DFT vs. anharmonic effects?
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Crystal structures at high T using the QHA

g (V ik )
F(V.T) = [U[VH > m_u{ }} + kgT2, In(1 = efioa(VVksT) P=-— f
[U- \ i”— {’-‘IV T
p. — dF zp(V.T) d P — dF (V. T)
- av T l . dV T

Crystal structure and phonon frequencies depend on volume only!

Therefore, if V{(P,T,) = V,(P,,T,) =V, then = crystal structures and phonons
at (P,T,) are the same as at (P,,T,)



Crystal structures at high T using the QHA

Pbnm perovskite: a,b,c

Carrier et al., PRB 76, 064116 (2007)

.
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Crystal structures at high T using the QHA

Pbnm perovskite: Mg,, Mg, etc

Internal structural degrees of freedom

Carrier et al., PRB 76, 064116 (2007)
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Crystal structures at high T using the QHA

Pbnm perovskite: a,b,c

Carrier et al., PRB 76, 064116 (2007)
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Crystal structures at high T using the QHA

Pbnm perovskite: a,b,c
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Crystal structures at high T using the QHA

Carrier et al., PRB 76, 064116 (2007)

Pbnm perovskite: a,b,c

Cause: P4, is not isotropic

EE(PF.T’) = E KU(P".T'F)&TIJ'.
J

;i (PT)= Ci1(PT)

'\

(Yes, we can calculate these!)




Crystal structures at high T using the QHA

Carrier et al., PRB 76, 064116 (2007)
Pbnm perovskite: a,b,c
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Multi-Configuration QHA

- So far we have used the QHA on a single structure

- We can also use the QHA to investigate “multi-configuration” systems
- Example: Order-disorder transition in H,O-ice

Ih (H-disordered) 400 -
XI (H-ordered)

ature(K)
o
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B VIl (H-disordered)
VIl (H-ordered)

Order-disorder phase boundary

1 10 100 1000
Pressure (kbar)



Multi-Configuration QHA

- So far we have used the QHA on a single structure

- We can also use the QHA to investigate “multi-configuration” systems
- Example: Order-disorder transition in H,O-ice
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- Example: Order-disorder transition in H,O-ice (Umemoto et al., Chem. Phys. Lett. 499, 236-240 (2010))

(a) Ice Ic lce VII

- Let’s calculate the free energy of a disordered ice VIl system represented by 16 molecules (supercell)

- There are 8100 possible configurations of which only 52 are symmetrically distinct



- Free energy of an ensemble of configurations:

Zaic(V.T) = Zw, exp( }LU';.)) (572, w; = 8100)

Zona( VT)_Zw, Z Exp{ “(E(v +f haos,( V))}

n, ;=0

Jl{r-ew ()}

-(Umemoto et al., Chem. Phys. Lett. 499, 236-240 (2010))



- Order-disorder transition is more easily identified as a peak in Cp

6*10° ,
—16 molecules
— 8 molecules 4*104}
5%10°° — 4 molecules
@
@
3 4*10° 3104} ,
° ' |
E 34105 — Full QHA
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=,
X 2+10°5
ﬂ 1
o 1*104 ' 1
1*10® i
0 ! . 1 L s 0 ﬁ\
0 200 400 600 0 100 200 300 400

T(K) T (K)

Figure 2. (a) Static heat capacity calculated at 10 GPa for 4, 8, and 16 molecule
supercells. (b) Heat capacity calculated at 10 GPa: full C, including the vibrational
contribution to the free energy, including ZPM contribution only and pure static
calculations. The dashed vertical line denotes peak position with inclusion of ZPM

energy only. (Umemoto et al., Chem. Phys. Lett. 499, 236-240 (2010))



- Order-disorder transition in H,0O and D,0

300

250

0 10 20 30 40 50 60 70 80
P (GPa)

Figure 4. Calculated ice VII-VIII phase boundaries (blue line: static, red lines: QHA
results). Black solid and dashed lines are experimental phase boundaries for H.O
and D,0 by Song et al. [10]; their nearly vertical parts are phase boundaries
between ice VIIl and VII'. Black and white dots are T, calculated using the BLYP-type
XC functional by Refs. [15,16] and [17,18], respectively. (For interpretation of
references to colors in this figure legend, the reader is referred to see the web
version of this article.)



- Transition mechanism

- Distribution of energies
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Figure 5. Histograms of the total energy E;(V) at several volumes at (a)
10.32 cm® /mol (~5 GPa) and (b) 6.79 cm?® /mol (~50 GPa).



- Transition mechanism E (V)
° i wiexp (~ 57
- Probability of occurrence of a configuration: p;(V.T) =

Z\V.T)

1 0.16

P=0GPa &
08¢}
012 ¢
0.6}
0.08

P, (K)

04}

0.04

0.2}

0 100 200 300 400 500 %0 10 20 30 40 50 60 70
T (K) P (GPa)

Figure 7. Probabilities of the 52 symmetrically inequivalent configurations generated by the 16-molecule supercell at: (a) 10 GPa and (b) 300 K. The most likely
configurations are represented by color lines. Conf. 1 is ice VIII and consists of ice Ic 1 with the dipole momentd = (0.0.8) and Ic 1 with d = (0.0. -8). Conf. 2(3) consists of
Ice Ic 1 with d = (0.0.8) in one sub-lattice of ice VII, and Ic 3 (Ic 2) with d = (0.4. —4)(d = (0.0.—-4)) in the second sub-lattice (see Figure 1 for the definition of ice Ic
configurations).

(Umemoto et al., Chem. Phys. Lett. 499, 236-240 (2010))



Module #2: Equations of state (EoS)

e Quasi-harmonic approximation (QHA)



